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On double truncated (interval) WORE and WCE 

S. Yasaei Sekeh*, G. R. Mohtashami Borzadran^, A. H. Rezaei Roknabadi^ 


Abstract 

Measure of the weighted cumulative entropy about the predictability of failure time 
of a system have been introduced in [3] . Referring properties of doubly truncated (inter¬ 
val) cumulative residual and past entropy, several bounds and assertions are proposed 
in weighted version. 
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I 


1 Introduction. Interval weighted cumulative entropies 

Let X € K'*' I— >■ y?(x) > 0 be a given measurable function. The weighted cumulative residual 
entropy (WORE) £^{X) and the weighted cumulative entropy (WCE) £^{X) of a RV X 
with a cumulative distribution function (CDF) F and survival function (SF) F are defined 
by 


T"(A) =£^{F) = - f Lp{x)F{x)\og F(x)dx, and (1.1) 

Jr+ 

£l{X) = £l{F) = - [ cpix)F{x)\og F{x)dx, (1.2) 

Jr+ 

respectively. Assume that all integrals are absolutely convergent with the standard agree¬ 
ment OlogO = Ologoo = 0. Cf. m, [I] and [6]. Further for more details and motivations 
see [8j, [9]. 

For given pair of fixed values (ti, G) £ x the CDF F{x; R, f 2 ) and SF F{x; fi, ^ 2 ) 
of a RV X\ti < X <t 2 take the forms 

We propose the following definition which we call the double truncated (interval) weighted 
cumulative residual entropy (IWCRE) I£^(ti,t 2 ) and the double truncated (interval) weighted 
cumulative entropy (IWCE) I£'^{ti,t 2 ) of a RV X\ti < X < t 2 - 
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Definition 1.1 Let (ti, t 2 ) be a pair of fixed values in x M"*". Using hl.3\) define IWCRE 
of a RV X\ti < X <t 2 with SF F and WF Lp by: 




rt2 _ _ 

/ (^(x)F(x;ti,t 2 )log F(x;ti,t 2 )da 
Jti _ _ 

/ 

J tl 


*2 F{x) F{x) 

g>[x) — ^^ log = 77 ^—= 77 ^dx, 


(1.4) 


F{ti) - F{t2) Fih) - F{t2) 

and the IWCF of a RV X\ti < X <t 2 with CDF F is defined by 
IS'^{ti,t2) = - [ p>{x)F{x;ti,t2)log F{x-,ti,t2)dx 

Jti 

F{x) F{x) 


/ 

Jti 


(1.5) 


g:{x] 


log 


F{t2)-F{ti) ^ F{t2)-F{ti) 


dx. 


In particular (p(x) = 1 the (jl.lll and (11.511 yield the standard Interval cumulative residual 
entropy and the interval cumulative entropy, respectively. Cf. [2], [S], m and [7]. 

Passing to the limits ti —>■ 0 and t 2 ^ oo, the IWCRE (11.41) and IWCE (II.5p intend the 
WORE dLl]) and the WCE ([L2]), that is /f^(0, oo) = S^fiiX) and IS'^{0, oo) = S'^{X). 

Remark 1.1 (a) Owing to Definition M.R assume exponential RVX, X ^ Exp{\), A > 0. 

n 

In particular for given real constants oq, ..., a„ where ‘p{x) = Oj x* > 0. Set 


i=0 


7 ( 6 , z) = f ^ e * dt. 

Jo 

Following some straightforward computations one obtains 

-1 ”■ 

I£:fih,t2) = ^ ai V+i{7(z + 2, 12 /X) - ^{i + 2, D 


( 1 . 6 ) 


+ ' log ^ v{ 7 (i + 1 , t 2 /A) - 7(i + 1 , ti 


i=0 


i=0 


(1.7) 


(b) More generally, let p £ W, a > 0, f, € such that p — er/f^ > 0 be location, scale and 
shape parameters respectively. Suppose that RV X has GEV{p,a,ff) distribution, with CDF 




Fgev{x) = e where y{x) = (l + (—-— )f,) 


( 1 . 8 ) 


Moreover, set 


Ilc{a,b) = / y{ty ^e a, 5 > 0 , c € M. 


(1.9) 


n 

If we assume p>{x) = bi y(x)*, for G M, i = 0... n such that ip{x) > 0 with obvious 
i=0 

motivations, the following expression is derived: 


1 ^ ^ 

lEliDM) = (e-y^^^'^ - e-y^^^'^y Y,^ilii+2{ti,t2) 

i={) 

-1 ^ 

+ (^e-^h2) _ log (^^-y(t2) _ e-y^yY^biHi+ytiM). 

i=0 


( 1 . 10 ) 
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From now on for given WF ip we will use the notation 'ij){x) = / (/?(s)ds. 

Jo 

The following Lemma is straightforward. 

Lemma 1.1 For given a pari (ti,t 2 ) o.nd WF p applying integrate by parts in Eqn (O 
and /ll.5\} it can be written equivalent forms for I WORE and IWCE: 


ISZitiM) = 


1 


F{t2)-F{ti) Jt, 
1 


F{t 2 ) - F{t_ 
+ 


/ pix)F{x)log F{x)dx + 6 '^{ti,t 2 )log{F{ti) - F{t 2 )} 

Jti 

rL _ _ 

— / (/?(x)T(x) log F{x)dx (1-11) 

i) Jh 




and in similar way: 


Kitl,t 2 ) = 


1 


rt 2 


Fih)-Fit 2 )Jt, 

1 


F{h)-F{t2)Jp 

J 'i/’(i 2 )E(t 2 ) - f:(ti)F (t 

+ 1 F(t 2 )-F(ti) 


p(x)F(x) log F(x)dx + d^(ti,t 2 )log{F(t 2 ) - F(ti)} 


p(x)F(x) log F(x)dx (1-12) 

- E[V'(X)|ti < X < fa] I log{F(t2) - F(ti)}. 


Here 


[ F{x) 
Ju 


F{x) 


r ^2 


F{ti) - F{t 2 ) 


-dx 


’ ip 


SZ{'ti,t2)= / f{x) 


F{x) 


F{t 2 )-F{ti) 


dx. (1.13) 


Setting p'{x) the derivative function of WF p{x) with respect to x, p'{x) = -^p(x) and 
following some standard calculations, we can write: 

r ^2 


I£'^{ti,t 2 ) = ^{tl)£x{tiH 2 ) + [ p'{x)Bx{x,t 2 )dx, 

Jtl ^ 

I£^{ti,t 2 ) = -F{t 2 )£xih,t 2 ) + [ p'iy)Bx{ti,y)dy, 


(1.14) 


iti 


here £xiti,t 2 ) represents the interval cumulative past entropy, denoted by ICPE{X]ti,t 2 ), 
in [2]. Moreover, 


Bx{x,t 2 ) = - 


rt 2 


F{y) , F{y) 

■ log TvTl-FTTrdy, 


j, F{t 2 )-F{h) ^F{t 2 )-F{h) 

Bxit.y)^-r^,pP^log^^^dx. 


(1.15) 


h^F{t2)-F{h) ^F{t2)-F{ti) 


In (jl.l4F substitute £x{ii,i 2 ) (denoted by ICRE{X]tiH 2 )-, cf. [2]) in £x{tiit 2 )-, the ana¬ 
logue assertion for I£^(ti,t 2 ) holds. 


Example 1.1 Let X be a RV from exponential distribution with mean —, A > 0. According 

A 


to the example in the end of [2]: 

I£{hH 2 ) = ^ + i log (1 - , t 2 >h> 0. 


(1.16) 
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We observe that for fixed value t 2 G (0, oo), (|1.16l) is decreasing in ti € (0, oo). Now, assume 
the WF (p{x) = e“^, a < A, applying (11.41) yields the following expression: 


X 

(a — A) 


= -aTT-I 

(A — a)(e -^*2 _ g Ati ^ 1^ V ) 

J^^(a-\)t2 _ _|_ ^g(a-A)t2 _ e("-A)ii^ ^Qg (^g-A^i 


— e 


— Xt2 


) 


(1.17) 


Note that when a —>■ 0 then I£^{ti,t 2 ) —>■ I£{ti,t 2 ). Applying mathematical software such 
as Maple, one can easily check that for given all A, a, (I1.17P is not monotonic decreasing in 
ti. This means, if the monotonicity property for ICRE is fulfilled then there is no guarantee 
IWCRE is monotonic as well. 


2 Bounds for the IWCE and IWCRE 


In this section , we give several bounds for the IWCRE and IWCE by using assertions 
established in Section 1. Let us start with an alternative representation for the IWCRE 
and IWCE. In fact it follows the same line as (jl.lip and ()1.12p but is more elementary. 


Let X be a non-negative RV, moreover consider a pair (ti,t 2 ) G x Set 


7 (h,i 2 ) = - [ ^{x) F{x)logF{x) dx, 

Jti 




FjU) 

F{t 2 )-F{Fy 


i = 1,2. 


therefore, we can write 

/^;(ti,i2) = 


in addition. 


/^;(h,t2) = 


^ Fi^) 

f'" . ^ F{x) 


-di(x,t2)dx 


F{t 2 ) - F{x) 
F{t 2 )-F{ti) 


dx, 


f'" . ^ F{x) 

i. »’Wf«.)-f(*,)'“* 

r'" . ^ F{x) 

i »’'">F(«-F(y'“* 


-d2(ti,x)dx 


F{x) - F(ti) 
F{t2)-F{h) 


dx. 


( 2 . 1 ) 


( 2 . 2 ) 


Eor given pair (ti,t 2 ) define functions W 72 in terms of F(x) in a similar fashion, then 
analogue formulas take place for IWCRE as well. 

Now we are in the position to establish Theorem 12.11 below. Recalling (jl.lSp . (j2.1l) . ()2.2p 
and using the inequality log(l — s) > s/(s — 1 ), 0 < s < 1 we provide lower bounds for the 
IWCE, omitting the proof. 


Theorem 2.1 Let X be a non-negarive RV, with CDF F. Then given WF x G M'*' 1 —)■ 
t{x) > 0 obeys 


K{tut 2 )> 

{F{t 2 )-F{F)) 


j{ti,t2) + F{t2){y{t2) - V’(h)) 


+ 5 ^(h,i 2 )(l + logE(ti)^. 


(2.3) 
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It is worth noting that in a similar manner by owing to the definition of 6 ^(ti,t 2 ) in 

if we swap 7 andj, also F and F in \2.3\ we get analogue lower bounds for I{ti, t 2 ), where 

7 (^ 1 , ^ 2 ) = - [ ‘P(x) F(x) log F(x) dx. 

Jti 


An immediate application of Theorem 12.II follows. 

Proposition 2.1 Consider function g{e) in a form as 

g{e) = (1 + (—o- > 0 , /X € M, C € > 0 . 

Then for constant 0 < x < y < 00 and 9i, i = 0... n the inequality 

Tl TL ny 

(^g{x) - 1 + log ^ Oi ni+i(x, y) > e~^^y'> J disf ds. (2.4) 


i=0 


i=0 


holds true. Here II stands as before in (ES); 


n, 


pb 

fa,b) = / y{ty~^e~'^^^^dt, a,b> 0 , 

J a 


c e 


Theorem 2.2 Suppose that X is a RV with CDF F and finite I£^{ti,t 2 )- Given WF ip, 
set 

[ Tiy)Fiy)dy 

X (X) Jo 

Then 


I£l{tiM)<Mh{X)\ti<X<t2]. 


Proof. First we begin from the expression ri{X): 

rt 2 


E[n{x)\ti<x<t2] = 


r^i 


Ct 2 


fix) 

F{x)' 


dx 7 )(y) 


Hy) 


'0 


Tiy)TM^^y 


F{t 2 )-F{ti) 


dy + 




rt 2 


fix) 


F{x) V Fit 2 ) - F{ti) 


dx 


fix) 

F{x)' 


dx ip{y) 


Fiy) 


F{t 2 )-F{ti) 


dy. 


Further using the relation 


f 


fix) 

Fix] 


■dx = logF(6) — logF(a) leads 


E 


rti 

/ [logT(t2) - logP(ti)](^(y) 
Jo 


viX)\ti<X<t 2 

+ [\logFit2)-logF{y)]MF^^2)-FiF) 


Fiy) 


Fiy) 


F{t 2 )-Fiti) 


dy 


dy 


(2.5) 


> 


/ [log{P(t 2 ) - i^(ii)} - logP(y)]</?(y) 

Jti 


Fiy) 


Fit 2 )-F{F) 


dy. 


In the last line of the inequality holds from logF(f 2 ) — logP(fi) > 0. For given 

tl <t 2 € K+ we also know logP(t 2 ) > log [^(^ 2 ) — -^(^i)] • This completes the proof. ■ 
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Remarkably observe that, IWCRE possesses the similar property in Theorem 12.21 hence 
we can write: 

I£^{tut2) <E[fi{X)\h < X <t2], 


where r]{x) = = 


F{x) 


F{y)F{y)dy- 


The next theorem extends the result of Theorem 8 from [2] . Here we set 


ih{x-mm)=- r 

Ju 


fix) 


fix) 


Note that IH{X-,ti,t 2 ) is an extension of Shannon entropy based on a doubly truncated 
(interval) RV, see [7]. 

Theorem 2.3 Let X be a non-negative continuous RV with PDF and CDF respectively 
f{x) and F{x), then for give WF (fix), 


I£'f{ti,t2) > a{ti,t2).e^p{IH{X;ti,t2)}. 


Here 


rh 2 
'hi 

FiU) 


a(fi,t 2 ) = exp I y \og[u(p{F ^{uF(f 2 ) - uF(ti)})| loguljduj, 
where for i = 1 , 2 , [3i = 


F{t2)-F{hy 


Proof. The proof follows directly from the Log-Sum inequality while implies 


/ 

J u 


*2 f{x) f{x) ^ 

F(t2)-T(ti) ^^T(t2)-E(ti) 

fix) , r . ^ F{x 


log' 


Fix) 


F{t2) - F{D) " . p(^t2) - F{h)' ^ F{t2) - F{h) 

>—log / ip(x) ^ ^ I log ^^ |dx 

Ju 


|]dx 


= 


1 


' F{t2) - Fih)' ^ F{t2) - Fih)' 


I£:iti,t 2 ) 


Remark 2.1 The similar arguments for IWCRE is achieved. In other words, owing to the 
definition of IH{X;ti,t 2 ) we have 

I£y{ti,t2) > d(ti,t2)-exp|/R(X;ti,t2)|- 

Here 

d(iiT 2 ) = exp I y log[u(p{F ^{uF(ti) - uF(f 2 )})| logu|]du|, 


where for i = 1 , 2 , Ki = = 


Fiti 


F{D) - F{t 2 ) 
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In Theorem 12.41 below (cf. Theorem 2.3, [2]), let A(x) = 


fix) 

F{x) 


be reversed failure rate 


function and h 2 {ti,t 2 ) denotes the generalized failure rate (GFR) by virtue of the doubly 
truncated RV, defined in [S]. Assume also be a positive WF on an open domain with 

V’(x) = / (/9(s)ds and set Ai(ti,t 2 ) = E '0(^2) — < AT < t 2 ■ Then the next 

Jo L 

theorem is provided: 


Theorem 2.4 The IWCE is an increasing function in t 2 iff for all given (ti,t 2 ) € E+ xM+, 
h < t 2 - 


Kitl,t2) 

< Miti,t2) + i'lfit2) - V’(il)) 


F{h 


F{t2)-F{ti) 


-Tit 2 )[Ht 2 )] log 


Fit 2 ) 


( 2 . 6 ) 


F{t 2 )-F{h) 


Proof. According to the form (|1.12D . differentiating IWCE with respect to t 2 yields 


d 


Kitl,t2) = 


/fe) 


dt 2 ^ [F(t2) - T(ti)F 4 


+ 


+ 


fih) 


F{t 2 )-F{F) [■ 


rt 2 

/ :^(x)F(x) log F(x)dx— 

Ju 

Fiti) 


ip{t 2 )F{t 2 )logF{t 2 ) 


F{t2) - F{ti) 


M{h,t2) + m 2 ) - J’itl))p^^^^ _ 

m)F{ti) fit2)F{ti)m2) - f’iil)) 


(^^^A4(ti,t2) + ^(^ 2 )-F(ti) 


(2.7) 


[F{t 2 )-F{m 

Furthermore differentiating the A4{ti,t2) with respect to t 2 implies 

d 


log{F(t 2 ) - F{ti)}. 


—M{ti,t2) = (pit2) - ■Mitl,t2)h2itl,t2)- 

012 


( 2 . 8 ) 


After that substitute 


= ^ 2 (^ 1 , ^ 2 )- 


in (EZD, we have 


M{ti,t2) - I£'f{ti,t2) + i^pit2) - V’(C)) 


Fih 


-Tit 2 )[m)] log 

The inequality ()2.6I) then follows. 


Fit 2 ) 


F{t 2 )-FiF) 


F{t 2 )-F{ti) 


Theorem 2.5 (Cf. [2] Theorem 2.10) Suppose X and Y are two non-negative, iid RVs 
with SF F. Then for given WF ip , consequently and (ti,t 2 ) G E+ x M+, ti < ^ 2 - 


E 


< 


-m)\\ti<x <t2,ti<Y <t2) 

218^ _ log(C) T(t 2 )] ^ . 


(2.9) 


F(ti) - F{t2) F{ti) - Fit2) V 


F{ti)-F{t2)J 


Here 


M{ti,t2) = E ^l’{X) — ip(ti)\ti < X <t2 
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Proof. Following the similar arguments in Theorem 2.10, [2], for two iid RVs X and Y we 
have 


F{u)_ / _ F{u)_ y 

F{h)-F{t2) \F{ti) - F{t2) J 

= P{max((/?(X), (/9(y)) > u\ti < X <t 2 ,ti <Y < t 2 } 


—P{min((^(y), (^(y)) > u\ti < X <t 2 ,ti <Y < t 2 }- 
By multiplying the both sides of (j2.inD in (p{u) and then integrating from ti to t 2 ) we obtain 


= E[\i;{X) - V’(R)||ti <X <t2,h<Y <t2). 

At this stage we apply the non-decreasing property for ijj in x and deduce that for all 
X G (0,1) and b € (0,1), x{b — x) < x\ logx|. This leads to 


e(\'iI;{X) - i^{Y)\\ti < X <t2M <y <t2) 

Combining (I2.1ip and (ll.lip the assertion (|2.9I] clarifies. ■ 


( 2 . 11 ) 


Remark 2.2 It can be observed explicitly that the LHS of inequality 112.9\) in Theorem \2.5\ 
is bigger and equal than: 

IE(|V^(A)-E(V^(A))||ti <X<t2). 

Moreover, similar inequalities as i2. gj) for IWCE can he hold: 


E 


< 


-V'(y)||ti < A<t2Ti <^^<^ 2 ) 

‘^I£'^{tl,t2) log[F(t2) - y(tl)] 


Fit2 )-F{F) F{t2)-F{ti) 


M{ti,t 2 ) + {i'{t 2 ) - V'(tl)) 


F{ti) 


F{t 2 )-F{F) 


( 2 . 12 ) 


Here 


M{ti,t2 ) = E V’(^2) — i’iX)\ti < X <t2 


We conclude the paper by using Theorem 12.31 for uniform RV, Theorem 12.51 in exponential 

n 

form and WF Lp{x) = Oj € M, g:>{x) > 0, recall also (11.71 in order to explore some 

i=0 

emerged inequalities. 

Corollary 2.1 (i) For constant 0 < a < b < 1. Assume arbitrary function / : M 1 —we 
get 



ds > (6 


a) exp 


log 


s /(s)|log 


b — a,~\ ds 


b — a 
























(ii) Consider constant 0 < a < b < oo, c,p ^ M"''. Further set 


i-b 

7p(a, ^) = J di = 7 (p, b) - jip, a), 

A,(a,6) = 


by virtue of il.0\) 


Then constants eoj ■ ■ ■ )£n; such that > 0, x € M"'' are satisfied in the inequality: 

i=0 

n n 

2 ^ (c.Ac(a,6) - log Ac(a,6))c* e* 7 ^+i(a/c, 5/c) - c*+^2"*7j+i(2a/c, 26/c) 

2 = 0 2=0 

n 

< ^ (2 - log Ac(a, b)/{i + l))ei c*+^ 7 i+ 2 (a/c, b/c) (2.13) 

2=0 

n 

+ log Ae(a, b){j2^ - F^^e-^/'^)]. 

i=o * 

Note that in special case c = 1, a —>■ 0 and b ^ oo, final inequality 112. ld\) takes the form 

n n 

r(i + l)(l-2-'-i) < ^e,r(i + 2). 

2 = 0 2=0 

Here r(.) = 7 (0, oo) refers to Gamma function. 
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